) and n be an odd positive integer. Then R is a local non-principal ideal ring of 16 elements and there is a Z 4 -linear Gray map from R onto Z 2 4 which preserves Lee distance and orthogonality. First, a canonical form decomposition and the structure for any negacyclic code over R of length 2n are presented. From this decomposition, a complete classification of all these codes is obtained. Then the cardinality and the dual code for each of these codes are given, and self-dual negacyclic codes over R of length 2n are presented. Moreover, all 23 · (4 p + 5 · 2 p + 9) 2 p −2 p negacyclic codes over R of length 2M p and all 3·(4 p +5·2 p +9) 
Introduction
The catalyst for the study of codes over rings was the discovery of the connection between the Kerdock and Preparata codes, which are non-linear binary codes, and linear codes over Z 4 (see [3] and [4] ). Soon after this discovery, codes over many different rings were studied. This led to many new discoveries and concreted the study of codes over rings as an important part of the coding theory discipline. Since Z 4 is a chain ring, it was natural to expand the theory to focus on alphabets that are finite commutative chain rings and other special rings (See [1] , [2] , [5] , [7] [8] [9] [10] [11] [12] , [14] , [16] [17] [18] [19] [20] [21] [22] , for examples).
In 1999, Wood in [23] showed that for certain reasons finite Frobenius rings are the most general class of rings that should be used for alphabets of codes. Then self-dual codes over commutative Frobenius rings were investigated by Dougherty et al. [13] . Especially, in 2014, codes over an extension ring of Z 4 were studied in [24] and [25] , here the ring was described as Z 4 [u]/ u 2 = Z 4 + uZ 4 (u 2 = 0) which is a local non-principal ring. In this paper, all rings are associative and commutative. Let A be an arbitrary finite ring with identity 1 = 0, A × the multiplicative group of units of A and a ∈ A. We denote by a A , or a for simplicity, the ideal of A generated by a, i.e. a A = aA. For any ideal I of A, we will identify the element a + I of the residue class ring A/I with a (mod I) in this paper. for any α = a + bv, β = c + dv ∈ Z 4 + vZ 4 with a, b, c, d ∈ Z 4 . Then R is a local Frobenius non-principal ideal ring of 16 elements. Linear codes over R were studied in [15] . In the paper, a duality preserving Gray map was given and used to present MacWilliams identities and self-dual codes. Some extremal Type II Z 4 -codes were provided as images of codes over this ring. Z 4 -codes that are images of linear codes over R were characterised and some well-known families of Z 4 -codes were proved to be linear over R. As in [15] Section 3, we define a map ̺ : R → Z and let θ : R N → Z 2N 4 be such that θ(α 1 , . . . , α N ) = (̺(α 1 ), . . . , ̺(α N )), for all α 1 , . . . , α N ∈ R. Let w L denote the Lee weight on Z 4 defined by:
We extend w L on the ring R in a natural way that
With this distance and Gray map definition, the following conclusions have been verified by Martínez-Moro et al. [15] . 
is an self-dual code over Z 4 of length 2N and has the same Lee weight distribution.
Moreover, we have the following properties for Negacyclic codes R. Proposition 1.3 Let C be a negacyclic code R of length N. Then θ(C) is a 2-quasi-twisted code over Z 4 of length 2N.
Since n is odd, the map ϕ :
is an isomorphism of rings preserving Lee distance. Hence C is a negacyclic code over R of n if and only if there is a unique cyclic code D over R of length n such that ϕ(D) = C. Moreover, C and D has the same Lee weight distribution. A complete classification for cyclic codes over R of odd length and self-dual codes among them had been studied in [5] . In the paper, some good self-dual codes over Z 4 of length 30 and extremal binary self-dual codes with parameters [60, 30, 12] were obtained from self-dual cyclic codes over R of length 15. In this paper, we study negacyclic codes over R of length 2n.
The present paper is organized as follows. In Section 2, we sketch the basic theory of finite rings and linear codes over finite rings needed in this paper. In Section 3, we decompose the ring Z 4 [x]/ x 2n + 1 into a direct product of finite chain rings of length 4. In Section 4, we give a canonical form decomposition for any negacyclic code over R of length 2n and present all distinct codes by their generator sets. Using this decomposition, we give the number of codewords for each of these codes and an enumeration for all these codes. In Section 5, we present the dual code and its self-duality for each negacyclic code over R of length 2n. In Section 6, we focus our attention on negacyclic code over R of length 2M p , where p is a prime and M p = 2 p − 1 is a Mersenne prime. Especially, we present explicitly all 293687 ngeacyclic code over R of length 14 and 339 self-dual codes among them. Finally, we obtain 36 new and good self-dual 2-quasi-twisted codes over Z 4 of length 28.
Preliminaries
In this section, we sketch the basic theory of finite chain rings and linear codes over finite chain rings needed in this paper. (i) K is a local ring and the maximal ideal M of K is principal, i.e. M = π for some π ∈ K;
(ii) K is a local principal ideal ring; (iii) K is a chain ring with all ideals given by: 
From now on, let K be an arbitrary finite chain ring with 1 = 0, π be a fixed generator of the maximal ideal of K with nilpotency index 4, and F = K/ π . In this case, K is called a finite chain ring of length 4. Using the notations of Lemma 2.3, every element a ∈ K has a unique π-adic expansion:
Hence |K| = |F | 4 . If a = 0, the π-degree of a is defined as the least index j ∈ {0, 1, 2, 3} for which t j = 0 and written for a π = j. If a = 0 we write a π = 4. It is clear that a ∈ K × if and only if t 0 = 0, i.e. a π = 0.
. . , α L ∈ K} that is a free K-module under componentwise addition and scalar multiplication with elements from K. Then K-submodules of K L are linear codes over K of length L. Let C be a linear code over K of length L. By [16] Definition 3.1, a matrix G is called a generator matrix for C if the rows of G span C and none of them can be written as a K-linear combination of the other rows of G. Furthermore, a generator matrix G is said to be in standard form if there is a suitable permutation matrix U of size L × L such that
where the columns are grouped into blocks of sizes 
has one and only one of the following matrices G as its generator matrix in standard form:
(III) G = π k I 2 where I 2 is the identity matrix of order 2, 0 ≤ k ≤ 4.
where z ∈ T and t = 2, 3.
where z ∈ T , and G = 0 π
Therefore, the number of linear codes over K of length 2 satisfying Condition (2) is equal to |T | 2 + 5|T | + 9.
Proof. See Appendix.
3.
A direct sum decomposition of the ring
From now on, let n be an odd positive integer. In this section, we decompose the ring Z 4 [x]/ x 2n + 1 into a direct product of finite chain rings of length 4. This direct sum decomposition will be needed in the following sections.
It is known that any element a of Z 4 is unique expressed as a = a 0 + 2a 1 where a 0 , a 1 ∈ F 2 = {0, 1} in which we regard F 2 as a subset of Z 4 . Denote a = a 0 ∈ F 2 . Then − : a → a (∀a ∈ Z 4 ) is a ring isomorphism from Z 4 onto F 2 , and − can be extended to a ring isomorphism from
. Then we have the following conclusions for monic basic irreducible polynomials in
]) Γ is a Galois ring of characteristic 4 and cardinality
(ii) ([22] Proposition 6.14 or
2 ), and set
(ii) K f is a finite chain ring with maximal ideal f (x) generated by f (x), the nilpotency index of f (x) is equal to 4 and
By Lemma 3.1(i), we know that
where
we have that
This implies g(ζ
are distinct root of f (x) in the finite field Γ by Lemma 3.1(i). From this and by
is an invertible element of the residue class ring
be the ideal of K f generated by 2 and f (x). Then
up to natural ring isomorphisms, where
, we see that both 2 and f (x) are nilpotent elements of K f . From this one can verify easily that every element of K f \ M is invertible. This implies that R is a local ring with M as its unique maximal
As stated above, by Lemma 2.1 we see that K f is a finite chain ring. Let s be the nilpotency index of f (x). By Lemma 2.2(i) it follows that
Hence T f is a system of representatives for the equivalence classes of K f under congruence modulo f (x). Then the conclusion follows from Lemma 2.3(i) immediately.
In the rest of this paper, let
. We assume deg(f i (x)) = m i and denote
for each integer i, 1 ≤ i ≤ r. Then by Theorem 3.2, we know that • There is an invertible element g i (x) ∈ K i such that
• K i is a finite chain ring with maximal ideal f i (x) , the nilpotency index of f i (x) is equal to 4 and
Substituting −x 2 for x in (3) and (5), we obtain
and
respectively. In the rest of this paper, we set
Then from classical ring theory, we deduce the following conclusions.
We have the following:
and its multiplicative identity is ε i (x). Moreover, this decomposition is a direct sum of rings in that
A i A j = {0} for all integers i and j, 1 ≤ i = j ≤ r. (iii) For each 1 ≤ i ≤ r, define a mapping φ i : a(x) → ε i (x)a(x) (∀a(x) ∈ K i = Z 4 [x]/ f i (−x 2 ) ). Then φ i is a ring isomorphism from K i onto A i . Hence |A i | = 16 m i . (iv) Define φ : (a 1 (x), . . . , a r (x)) → φ 1 (a 1 (x)) + . . . + φ r (a r (x)), i.e. φ(a 1 (x), . . . , a r (x)) = r i=1 ε i (x)a i (x) (mod x 2n + 1), for all a i (x) ∈ K i , i = 1, . . . , r. Then φ is a ring isomorphism from K 1 × . . . × K r onto A.
Structure of negacyclic codes over R of length 2n
In this section, we list all distinct negacyclic codes of length 2n over the ring R = Z 4 + vZ 4 (v 2 = 2v), i.e. all distinct ideals of the ring R[x]/ x 2n + 1 . Using the notation of Theorem 3.3, we denote
in which the arithmetic is done modulo x 2n + 1, and set
in which the operations are defined by: for any α 1 , α 2 , β 1 , β 2 ∈ A,
Then A + vA is a finite commutative ring containing A as its subring. Let α, β ∈ A. Then α and β can be uniquely expressed as α =
Then one can easily verify the following conclusion.
Lemma 4.1 The map Ξ defined above is an isomorphism of rings from
In the following, we will identify A + vA with R[x]/ x 2n − 1 under the ring isomorphism Ξ. Therefore, in order to determine all negacyclic codes over R of length 2n, we only need to determine all ideals of the ring A + vA. To do this, we need to investigate the structure of the ring A + vA. In the rest of the paper, for each integer 1 ≤ i ≤ r we denote
in which the operations are defined by:
We give the structure for any negacyclic code over R of length 2n.
Theorem 4.2 Using the notations above, we have the following conclusions.
(
(ii) C is a negacyclic code over R of length 2n if and only if for each integer i, 1 ≤ i ≤ r, there is a unique ideal C i of the ring K i + vK i such that
r. Hence the number of codewords in C is
By Theorem 3.3, we know that φ is a ring isomorphism from K 1 ×K 2 ×. . .×K r onto A. Then for any η = (η 1 , η 2 , . . . , η r ), where
. . , δ r ), v 2 = 2v and direct calculations one can easily verify that Φ(ξ + η) = Φ(ξ) + Φ(η) and
Hence Φ is a ring isomorphism from (
(ii) From the properties of ring isomorphisms and direct product rings, by (i) we conclude that C is a negacyclic code over R of length 2n, i.e. C is an ideal of A + vA, if and only if for each integer i, 1 ≤ i ≤ r, there is a unique ideal C i of the ring K i + vK i such that
Using the notations of Theorem 3.3, C = r i=1 ε i (x)C i is called the canonical form decomposition of the negacyclic code C over R of length 2n.
Obviously, K i + vK i is a free K i -module with basis {1, v}. Let
i is a free K j -module of rank 2 with the componentwise addition and scalar multiplication. Now, define
Then σ is an isomorphism of K i -modules from K 2 i onto K i + vK i . Moreover, we have the following key conclusion. 
For any ideal C i of K i +vK i , its annihilating ideal is defined by Ann(C i ) = {β ∈ K i + vK i | αβ = 0, ∀α ∈ C i }. Now, we list all distinct ideals and their annihilating ideals of the ring K i + vK i by the following theorem. 
where a(x), b(x) ∈ T i and N is the number of ideals in the same row. Then the number of ideals in K i + vK i is equal to 2 2m i + 5 · 2 m i + 9.
Proof Let C i be an ideal of K i + vK j . By Lemma 4.3 there is a unique K i -submodule S of K 2 i satisfying condition (7) such that C i = σ(S). By Equation (4) there is an invertible element g i (x) ∈ K j such that
2 . From this we deduce that S satisfying condition (7) if and only if S satisfies the following condition:
Recall that K i -submodules S of K 2 i are called linear codes over K i of length 2. Since K i is a finite chain ring with maximal ideal f i (x) , the nilpotency index of f i (x) is equal to 4 and T i = K i / f i (x) as sets with cardinality 2 m i , by Theorem 2.5 we conclude that S has one of the following matrix G as its generator matrix in standard form:
by Lemma 2.4 it follows that |C
Obviously, the number of ideals is equal to |T i × T i | = |T i | 2 = 2 2m i in this case. (II) We have one of the following three subcases:
) by Equation (4). Moreover, by Lemma 2.4 we have |C
2 ) where b(x) ∈ T i . In this case, we have
, an argument similar to (I) shows that the map a(x) → g i (x)a(x) (mod f i (x)) is a permutation on the set T i . Then by Equation (4) we have
where a ′ (x) = g i (x)a(x) ∈ T i (mod f i (x)). Moreover, by Lemma 2.4 we have
k I 2 where 0 ≤ k ≤ 4. In this case, we have
Precisely, by Equation (4) it follows that f i (x) 2 = 2 and f i (x) 3 = 2f i (x) . (IV) We have one of the following three subcases:
Moreover, by Lemma 2.4 we have
where b(x) ∈ T i . In this case, we have
by Equation (4). Then by Lemma 2.4 we have |C
where a(x) ∈ T i . By Equation (4) we have
We have one of the following three subcases:
. In this case, we have
by Equation (4). Moreover, by Lemma 2.4 we have |C
2v by Equation (4). Moreover, by Lemma 2.4 we have |C
where b(x) ∈ T i . Then by Equation (4) we have (
Moreover, the number of negacyclic codes over R of length 2n is equal to:
Dual codes of negacyclic codes over R of length 2n
In this section, we give the dual code of each negacyclic code over R = Z 4 + vZ 4 of length 2n and investigate the self-duality of these codes.
Let α = (α 0 , α 1 , . . . , α 2n−1 ), β = (β 0 , β 1 , . . . , β 2n−1 ) ∈ R 2n , where α j , β j ∈ R for all j = 0, 1 . . . , 2n − 1. As usual, we will identify the vector α with α(x) = 2n−1 j=0 α j x j ∈ R[x]/ x 2n + 1 in this paper. Then we define
It is clear that µ is a ring automorphism of R[x]/ x 2n + 1 satisfying µ −1 = µ. Now, by a direct calculation we get the following lemma.
Using the notations of Section 4, we have R[x]/ x 2n + 1 = A + vA where
2n + 1 and v 2 = 2v. It is obvious that the restriction of µ to A is a ring automorphism of A. We still denote this automorphism by µ, i.e. µ(a(x)) = a(x −1 ) for any a(x) ∈ A. Let 1 ≤ i ≤ r. By Equation (6) in Section 3, we have
. Then by Equation (3) in Section 3, we have
Since f 1 (x), f 2 (x), . . . , f r (x) are pairwise coprime monic basic irreducible polynomials in
j where c j ∈ Z 4 . Then
From this, by Equation (6) and x 2n = −1 in the ring A, we deduce that
2 ) for some g i (x) ∈ A. Then from these and by (6), we deduce that µ(ε i (x)) = ε i ′ (x).
As stated above, we see that for each 1 ≤ i ≤ r there is a unique integer
. We still use µ to denote this map i → i ′ . Then µ(ε i (x)) = ε µ(i) (x). Whether µ denotes the automorphism of A or this map on the set {1, 2, . . . , r} can be determined by the context. The next lemma shows the compatibility of the two uses of µ.
Lemma 5.2 Using the notations above, we have the following conclusions.
(i) µ is a permutation on {1, . . . , r} satisfying µ −1 = µ.
(ii) After a rearrangement of f 1 (x), . . . , f r (x) there are integers λ and ǫ such that µ(i) = i for all i = 1, . . . , λ and µ(λ + j) = λ + ǫ + j for all j = 1, . . . , ǫ, where λ ≥ 1, ǫ ≥ 0 and λ + 2ǫ = r.
.
We still denote this isomorphism by µ i . Then µ
follow from the definition of the map µ.
(iv) By µ(ε i (x)) = ε µ(i) (x) and
(v) Since x 2n = −1 in the ring A, i.e. x 2n ≡ −1 (mod x 2n + 1), and
2 ) is a factor of x 2n + 1, it follows that
This implies µ i (c(x)) = (φ
Since µ is a ring automorphism of A, by Theorem 3.3(iii) we conclude that µ i is a ring isomorphism from K i onto K µ(i) .
(vi) Obviously, µ i can be extended to a ring isomorphism from
By Theorem 4.2(i), each element ξ ∈ A + vA can be uniquely expressed as:
Now, we can give the dual code of each negacyclic code over the ring R = Z 4 + vZ 4 of length 2n by the following theorem, where h(
Theorem 5.5 Let C be a negacyclic code over R of length 2n with
Then the dual code C ⊥ is also a negacyclic code over R of length 2n. Precisely, we have
where D j is an ideal of K j + vK j determined by the following table:
where 
This implies D ⊆ C ⊥ by Lemma 5.1. On the other hand, we have
by Theorem 4.2(ii). Since Z 4 + vZ 4 is a Frobenius ring, from the theory of linear codes over Frobenius rings (see [13] ) we deduce that C ⊥ = D.
Finally, for any integer i, 1 ≤ i ≤ r, the expression for each ideal
follows from Theorem 4.4 and Lemma 5.4 immediately.
As the end of this section, we list all distinct self-dual negacyclic codes over R by Theorems 4.2 and 5.5.
Theorem 5.6 Using the notations in Theorem 5.5 and Lemma 5.2(ii), denote
W (1) i = {(a(x), b(x)) | a(x) + a(x −1 ) + 1 ≡ b(x) + x 2n−m i b(x −1 ) ≡ 0 (mod 2, mod f i (x)), a(x), b(x) ∈ F 2 [x]/ f i (x) } and W (2) i = {b(x) ∈ F 2 [x]/ f i (x) | b(x) + x m i b(x −1 ) ≡ 0 (mod 2, mod f i (x))} for any 1 ≤ i ≤ λ. Let C be a negacyclic code over R of length 2n with C = r i=1 ε i (x)C i , where C i is an ideal of K i + vK i . Then C is self
-dual if and only if C i satisfies the following conditions:
is given by the following table:
where a(x), b(x) ∈ T i .
(ii) If 1 ≤ i ≤ λ, C i is given by one of the following three cases:
The number of self-dual negacyclic codes over R of length 2n is equal to
Proof. By Lemma 5.2 (i) and (ii), we have that
From this by Theorem 5.5 and its proof, we deduce that
Then by Theorem 4.2, we see that C = C ⊥ if and only of C i = D i for all i = 1, . . . , r. Now, we have one of the following two cases.
. Then the conclusions follow from Theorem 5.5 immediately.
(ii) 1 ≤ i ≤ λ. In this case, µ(i) = i. Then by |C i | = |D i | and Theorem 5.5, we have one of the following three subcases:
(ii-1) 
Obviously, the latter is equivalent to b(x) ∈ W
i . Proof. Since n = M p and M p is a Mersenne prime, for any integer s, 1 ≤ s ≤ n−1, the 2-cyclotomic coset modulo n containing s is J 2 ) for i = 1, 2, 3, and T 2 = {c 0 + c 1 x + c 2 x 2 | c 0 , c 1 , c 2 ∈ {0, 1}}. As x 14 = −1, we have x −1 = −x 13 in K 2 . Hence for any a(x) = a 0 + a 1 x + a 2 x 2 ∈ T 2 , it follows that a(x −1 ) = a 0 + 2(a 1 + a 2 ) + 3a 2 x 2 + 3a 1 x 3 + 3a 2 x 4 + 3a 1 x 5 (mod f 3 (−x 2 )) and a(x −1 ) = a 0 + a 2 x 2 + a 1 x 3 + a 2 x 4 + a 1 x 5 . By Theorem 5.6, all distinct self-dual negacyclic codes over Z 4 + vZ 4 of length 14 are given by
where C i is an ideal of the ring
2 ) ) satisfying one of the following conditions:
• C 1 is one of the following 3 ideals: 2 , v(x − 1), 2(x − 1) , 2 + v(x − 1), 2(x − 1) .
• (C 2 , C 3 ) is given by one of the following 113 cases, where a(x), b(x) ∈ T 2 : Among the 339 self-dual negacyclic codes over Z 4 + vZ 4 of length 14, we obtain 36 codes C whose Gray image θ(C) are new good self-dual 2-quasitwisted code over Z 4 of length 28 (these codes does not exist in [21] too).
hand, obtaining some bounds for minimum distance such as BCH-like of a negacyclic code over the ring Z 4 + vZ 4 by just looking at the canonical form decomposition would be rather interesting.
the following three subcases:
